We study the spin- (third nearest neighbor) interaction on a square lattice. We numerically diagonalize this "J 1 -J 3 " model on clusters up to 32-sites and search for novel ground state properties as the frustration parameter J 3 /J 1 changes. For "larger" J 3 /J 1 we find enhancement of incommensurate spin order, in agreement with spin-wave, large-N expansions, and other predictions. But for intermediate J 3 /J 1 , the low lying excitation energy spectrum suggests that this incommensurate order is short-range. In the same region, the first excited state has the symmetries of the columnar dimer (spin-Peierls) state. The columnar dimer order parameter suggests the presence of long-range columnar dimer order.
The phase diagram of the frustrated spin- 1 2 Heisenberg antiferromagnet has received much interest in recent years. On a square lattice, frustration can be introduced by furtherthan-nearest neighbor antiferromagnetic couplings. Short-range interactions up to a distance of two lattice constants have been studied. This is the "J 1 -J 2 -J 3 " model, which is described by the Hamiltonian
where the sums run over all first, second, and third nearest neighbors, and all J i > 0.
The classical phase diagram of this model is well-known to have transition lines between
Néel, collinear, and spiral states [1] . The critical line separating the Néel and spiral states,
is called the classical critical line (CCL). The quantum phase diagram
is less clear. When the frustration is small (at small J 2 and J 3 ), the model possesses Néel order. Various analytical studies including linear spin-wave [2, 3] and mean-field theories [5] have shown that the ground state possesses collinear and spiral (incommensurate) spin order at large J 2 and J 3 respectively. The ground state at intermediate J 2 and J 3 , particularly along the quantum analog of the CCL, is still controversial. While some theories [2] [3] [4] predict that frustration and quantum fluctuation destroy the Néel order to form a state without spin order, others [5, 6] [7] predict that this intermediate state is spontaneously dimerized. This is supported by series expansion on the J 1 -J 2 -J 3 model [1] , although the former (Ref. [7] ) did not treat the frustration due to J 2 and J 3 explicitly. On the other hand, spin-wave theory [2, 3, 6] predicts that this intermediate state is a spin-liquid.
The search for a spin-liquid state in low-dimensional quantum antiferromagnets has long been a fascinating problem. Such a state is most likely to be found in frustrated systems with large quantum fluctuations. Therefore, the region along the quantum analog of the CCL in the J 1 -J 2 -J 3 model is a good place to search for a spin-liquid state, although other kinds of long-range order (such as spin-Peierls order) have been proposed in the same region.
Since the location of this critical line is unknown, it is tedious to work with two adjustable parameters J 2 and J 3 . Most numerical diagonalization studies of the frustrated Heisenberg model have been for J 3 = 0 [8, 9] . A recent study [6] has suggested that the end of the critical line on the J 2 axis is a Lifshitz point and thus not representative of the whole critical line.
The purpose of this letter is to study this model on the J 3 axis. In the following, we will take J 1 = 1 and J 2 = 0.
Using the Lanczos algorithm, we are able to diagonalize this J It is well known that for J 3 = 0, the ground state of the J 1 -J 3 model exhibits long-range Néel order [10] . Fig. 1 shows the finite-size plot of the staggered magnetization m † , defined as m †2 = S(π, π)/N (see Eq. 2). The system sizes are N = 16, 24 [11] , and 32. The 1/ √ N dependence is taken from spin-wave theory for the unfrustrated case [12] . We can see that at J 3 = 0.3, m † extrapolates to a finite value as N → ∞. But the linear extrapolation fails at J 3 = 0.35. Hence we conclude that the Néel order persists at least up to J 3 = 0.3 in the thermodynamic limit. To study the spin order as J 3 increases further, we calculate the static structure factor, increases from zero, the peak shifts from (π, π) to (
) at J 3 ∼ 0.5, and then to (
at J 3 ∼ 0.7. This shows that the Néel order vanishes as J 3 increases and another spin order develops which has ordering vector along the (1, 1) direction. If the system possesses incommensurate spin order, the peak in S(q) should shift continuously from (π, π) to (
as J 3 increases. Due to the discrete nature of the cluster, such a continuous shift along the (1, 1) direction is not possible. Nevertheless, Fig. 2 does indicate that incommensurate spin order develops as J 3 increases. We also calculate the dynamic structure factor [8] , S(q, ω).
Sharp low energy peaks are found at momenta along the (1, 1) direction. As J 3 increases, the lowest energy peak changes from (π, π) to (
) at J 3 ∼ 0.7, indicating that the Néel order vanishes and the system develops another spin order which has ordering vector along the (1, 1) direction.
To study whether this incommensurate spin order is long-range, we calculate the twist correlation function [13] ,
where x and y are unit vectors. We expect χ t to be independent of N for large enough N if the system possesses long-range incommensurate spin order. Fig. 3 (a) shows χ t in the 16-and 32-site systems at different J 3 . In both systems, χ t is enhanced at J 3 larger than about 0.4. This enhancement suggests the existence of incommensurate spin order at large J 3 , which is consistent with the findings from the static and dynamic structure factors discussed above. However, only spin-wave excitations will show up as peaks in S(q, ω).
Therefore, it does not exclude the existence of singlet excitations, especially at intermediate
In particular it is difficult to judge from Fig. 3(a) whether the incommensurate order is long-range at intermediate
If a system possesses a broken symmetry in the thermodynamic limit, the ground state of the finite system will still be fully symmetric. In this case the ground state expectation of the appropriate order parameter will have long-range correlations, and there will exist low lying excited states with the appropriate symmetries whose energy gaps vanish in the thermodynamic limit [14] . Consequently, we can use the low lying energy levels of a finite system to study the possible existence of long-range order. Fig. 4 shows the energies of a few low lying eigenstates in the 32-site system. For J 3 smaller than about 0.4, the first excited state is a triplet with momentum (π, π), consistent with the existence of Néel order for small J 3 . We denote this state as E T 1 . For J 3 larger than about 0.85, the first excited state is a triplet with momentum ( ) are never the first excited state. We denote the first excited state in this region as E S . It is a two-fold degenerate singlet pair, one with momentum (0, π) and the other with (π, 0). Both are odd under reflection along the direction orthogonal to their momenta. The symmetries of the E S state resemble the columnar dimer state [15] . In this state, nearest neighbor spin pairs form singlets (dimers), and these dimers freeze into a columnar order. It is four-fold degenerate, and can form four states with distinct symmetries: two with zero momentum, of which one is fully symmetric while the other is odd under rotation; and two with momenta (0, π) and (π, 0). The last two have the same symmetries as the degenerate E S state.
Since the finite system always has a first excited state no matter whether the ground state possesses true long-range order, the results of the above study of the low lying states alone are not sufficient to show the existence of dimer order. The next evidence comes from the order parameter for the columnar dimer state [16] ,
In finite-size calculations, we examine the correlation function
If the ground state has long-range columnar dimer order, χ dim ∼ O(1). Fig. 3(b) shows χ dim at various J 3 in the 16-and 32-site systems. Both systems have a peak in χ dim , indicating that columnar dimer order is enhanced in the corresponding region of J 3 . In the 32-site system, the peak is at J 3 ∼ 0.7, which corresponds to the minimum energy gap between E 0 and E S in Fig. 4 . The different peak positions in Fig. 3 (b) may be due to finite-size effect of the 16-site lattice as discussed above. This effect also prevents us from doing a reliable finite-size scaling study of the peak values of χ dim .
The dimer correlations can be demonstrated clearly by calculating the dimer-dimer correlation function [17] defined as
where the bracket (m, n) denotes nearest neighbor sites. A dimer liquid state will display short-range structure in C (i,j)(k,l) but decrease to zero at large dimer separations. On the other hand, a dimer solid, or spin-Peierls state, will continue to show periodic oscillations reflecting the underlying long-range order. C (i,j)(k,l) for all inequivalent dimer pairs of the 32-site lattice evaluated at J 3 = 0.7 are tabulated in Table I . [1, 7, 18] . In particular, Ref. [7] predicted that the dimerized patterns depend on the spin S, and our results agree with it for S = 1/2. We would like to remark that Ref. [7] did not treat the frustration explicitly, and it is not trivial that it gives the right prediction along the quantum analog of the CCL. But when the same analysis is extended to include frustrations due to J 2 and J 3 , similar dimerization patterns are found [19] . At large J 3 , we believe, as our results show, that the model possesses incommensurate spin order.
But our finite cluster has no wave vector from ( 
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